PROBLEM 4.1
KNOWN: Method of separation of variables for two-dimensional, steady-state conduction.

FIND: Show that negative or zero values of A2, the separation constant, result in solutions which
cannot satisfy the boundary conditions.

SCHEMATIC:

ASSUMPTIONS: (1) Two-dimensional, steady-state conduction, (2) Constant properties.

ANALYSIS: From Section 4.2, identification of the separation constant A? leads to the two ordinary
differential equations, 4.6 and 4.7, having the forms

OIX;on OIY12\(0 (1,2)

dx? dy
and the temperature distribution is O(x.y)=X(x)-Y(y). (3)
Consider now the situation when A2 = 0. From Egs. (1), (2), and (3), find that

X=C;+Cyx, Y=C3+Chy and 6(xy)=(C;+Cyx) (C3+Cyy). 4)
Evaluate the constants - C;, C,, Cs and C, - by substitution of the boundary conditions:

XZO: ( ) (C1+C2 )(C3+C4 y) O C]_:O

x=L: 0 LO)=(0+C2 )(O+C4 y)_O C,=0

y=W: O(x,W)=(0+0-x)(0+C,-W)=1 0=1

The last boundary condition leads to an impossibility (0 = 1). We therefore conclude that a A% value of
zero will not result in a form of the temperature distribution which will satisfy the boundary
conditions. Consider now the situation when A? < 0. The solutions to Eqs. (1) and (2) will be

X =Ce ™ +Cee™ ™, Y =C,cos Ay + Cgsin Ay (5,6)
and  O(xy)= [CSe'lX + Cse”x] [C;cos Ay + Cgsin Ay]. (7)
Evaluate the constants for the boundary conditions.

y=0:  0(x0)=|Cse™ +Coe™ | [Crc050+Cesin0]=0  C;=0

x=0:  0(0y)=|Cse®+Cqe” | [0+Cysin 2y] =0 Cy=0

If C5 =0, atrivial solution results or Cs = -Cg.
x=L  6(Ly)=Cs [e'XL +XL} Cgsin 1y =0.

From the last boundary condition, we require Cs or Cg is zero; either case leads to a trivial solution
with either no x or y dependence.



