PROBLEM 4.92

KNOWN: Flue of square cross section with prescribed geometry, thermal conductivity and inner and
outer surface convective conditions.

FIND: (a) Heat loss per unit length, q", by convection to the air, (b) Effect of grid spacing and
convection coefficients on temperature field; show isotherms.

SCHEMATIC:
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Schematic (a)
ASSUMPTIONS: (1) Steady-state, two-dimensional conduction, (2) Constant properties.

ANALYSIS: (a) Taking advantage of symmetry, the nodal network for a 75 mm grid spacing is shown
in schematic (a). To obtain the heat rate, we need first to determine the temperatures T;. Recognize that
there are four types of nodes: interior (4-7), plane surface with convection (1, 2, 8-11), internal corner
with convection (3), and external corner with convection (12). Using the appropriate relations from Table
4.2, the finite-difference equations are

Node Equation

1 2h;A h;A 4.42
(2T +Tp+Ty) + ll(XToo,i_z( 'kX+2)T1:O

2 2hiA hjA 4.42
(2T5 +T3+Ty) + l'(XTOO,i—Z('TXJijTZ:O

3 2hiA hiA 4.41
2(T +Tg) +(Tp +Tp )+ LXTw,i—2(3+ 'kango

4 (T8+T5+T1+T5)—4T4=O 4.29

5 (T9+T6+T2+T4)—4T5=0 4.29

6 (Tlo +T7 +T3 +T5)—4T6 =0 4.29

7 (Tll +T11 +T6 +T6)—4T7 =0 4.29

8 2hnAX h,AX 4.42
(2T4 +Tg+Tg) + ‘ll To0—2 Ok +2|Tg=0

9 2hAA h~A 4.42
(2T +Typ + Tg ) + =20 XTOO’O—Z( °kx+2jT9=o

10 2h-A hAA 4.42
(2Tg +Ty1 +Tg ) + =20 XTw,O—z( ka+2 Tio =0

11 2hyAx hoAX 4.42
(2T7 +T12 +T10)+ Tw,0_2 K +2 T]_l:O

12 2hyAX hoAX 4.43
(T11+T11)+TTOO,O -2 K +1 T12 =0
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Substituting T.., = 350°C, h, = 100 W/m*K, T,,; = 25°C, h; = 5 W/m?K, Ax = 0.075 m, and k = 0.85
W/m:-K and solving the preceding equations simultaneously using, for example, IHT, yields

T1=2340.4°C, T, =339.5°C, T3 =329.1°C, T, = 256.5°C, T5s = 251.4°C, Ts = 231.5°C, T; = 182.3°C, Tg =
182.6OC, Tg = 178.30(:, T10 = 163.1OC, Tll = 133.10(:, T12 =100.0°C. <

The heat loss to the outside air for the upper surface (Nodes 8 through 12) is of the form

o =1o%| 2(To~Tuo)+ (T~ T+ (Th0 T+ (Tt T 5 (22 T

1 1 o
q = 5w/m2 K x0.075m [5(182.6 -25)+(178.3-25) +(163.1-25) + (133.1- 25) + 5 (100.0 - 25)} C=193.4W/m

Hence, for the entire flue cross-section, considering symmetry,
Jtot :8><q':8><193.4W/m:1.55kW/m <
The convection heat rate at the inner surface is

Gt =8 x hjAx E(Tw,i ~T)+ (T —T2)+%(Too,i —T3)} = 1.55kW/m

which is the same as the heat loss from the upper surface, as it must be. <

(b) Using the Finite-Difference Equations option from the Tools portion of the IHT menu, the following
two-dimensional temperature field was computed for the grid shown in the schematic below, where x and
y are in mm and the temperatures are in °C.

, (0,0) (300,0)
L -6 —> x(mm)
i
y (mm)
i /,/' Ax = Ay =25mm
! 4
(0,150) (150,150)
y\X 0 25 50 75 100 125 150 175 200 225 250 275 300

0 180.7 180.2 1784 1754 1711 1653 158.1 1496 140.1 1299 1194 108.7 98.0
25 2042 2036 2016 1982 1933 186.7 1783 1684 1574 1456 1334 1210

50 2289 2283 226.2 2226 217.2 209.7 200.1 1884 1754 161.6 1475

75 255.0 2544 2524 2487 2431 235.0 2239 209.8 1941 177.8

100 2824 281.8 280.1 2769 2716 2633 2505 2328 2135

125 3109 3105 3093 3071 3032 296.0 2822 2575

150 340.0 340.0 3396 339.1 3379 3353 3247

Agreement between the temperature fields for the (a) and (b) grids is good, with the largest differences
occurring at the interior and exterior corners. Ten isotherms generated using FEHT are shown on the
symmetric section below. Note how the heat flow is nearly normal to the flue wall around the mid-
section. In the corner regions, the isotherms are curved and we’d expect that grid size might influence the
accuracy of the results. Convection heat transfer to the inner surface is
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Isotherms

Minimum=1323C
Maximum=3390C

q :8hiAx[(Too,i =~T1) 2+ (Tonyi = T2 )+ (Tooi = T3) +(Tonyi = T4)
+(Teoi = T5 )+ (Tooi = T ) +( oo —T7)/2} =1.52KW/m
and the agreement with results of the coarse grid is excellent.

The heat rate increases with increasing h; and h,, while temperatures in the wall increase and
decrease, respectively, with increasing h; and h,.

COMMENTS. (1) Gauss-Seidel iteration may be used to solve this system of equations. Following the
procedures of Appendix D, the system of equations is rewritten in the proper form. Note that diagonal
dominance is present; hence, no re-ordering is necessary.

T = 0.09239TK 1 +0.09239TK 7 + 285.3

T = 0.04620TF +0.04620T% ™+ +0.09239T¢ * + 285.3
T =0.08457TK +0.1692TE ™ + 261.2

T =0.25TF +0.50T& ™ + 0.25T6 2

T = 0.25Tf +0.25TK +0.25TK L + 0.25T¢
T = 0.25TF +0.25TK +0.25TK L 4 0.25T¢
TK = 0507 +0.50T !

T& = 0.4096TK +0.4096T& L + 4.52

T& = 0.4096TK +0.2048T +0.2048T{5 * + 4.52
T = 0.4096T§ +0.2048T& +0.2048T ™ + 4.52
TH = 0.4096TX +0.2048Tf +0.2048T{5 L + 4.52
T/ = 0.6939T} +7.65
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The initial estimates (k = Q) are carefully chosen to minimize calculation labor; let & < 1.0.

T T2 Ts T4 Ts Te Tz Ts To Tw Tu Ty

340 330 315 250 225 205 195 160 150 140 125 110
3389 3363 3243 2372 2321 2254 1752 163.1 1617 1556 130.7 98.3
3383 3374 3280 2414 2415 2266 1786 169.6 170.0 1589 1304 98.1
338.8 3384 3282 247.7 2457 230.6 1805 1756 173.7 161.2 1316 989
339.4 3388 3289 251.6 248.7 2329 1823 1787 1760 1629 1328 99.8
339.8 339.2 3293 2540 2505 2345 1837 180.6 1775 164.1 133.8 100.5
340.1 3394 329.7 2554 251.7 2357 18477 1818 1785 164.7 1345 101.0
340.3 3395 3299 2564 2525 2364 1855 1827 179.1 1656 1351 1014

~NOo o wNPEFE OIX

The heat loss to the outside air for the upper surface (Nodes 8 through 12) is of the form
: 1 1
q"=hoAx [E(Ts ~Teo0)+(Ta = Too,0 )+ (T10 = Too0 )+ (T2 _Too,o)+E(T12 _Too,o):|

q' = 5W/m2 K xo.075mE(182.7 ~25)+(179.1-25)+(165.6 — 25) + (135.1- 25)+%(101.4— 25)} °C=195W/m
Hence, for the entire flue cross-section, considering symmetry,

Qiot =8xq' =8x195W/m =1.57kW/m <
The convection heat rate at the inner surface is

Qiot = 8x hjAX [%(Tw,i ~Tp )+ (Teo —T2)+%(Too7i —T3)} =8x190.5W/m =152kW/m

which is within 2.5% of the foregoing result. The convection heat rates would be identical when ¢ = 0.

(2) For this problem the Gauss-Seidel iteration method is cumbersome, time-consuming and inaccurate
unless many more iterations are included. For relatively small systems of simultaneous equations such as
in this problem, enhanced accuracy can usually be obtained with far less effort through use of a numerical
solver such as available on many handheld calculators, IHT or some other commercial code.



